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We present the numerical solution of an atmospheric re-entry problem for the Space Shuttle. We discretize the
control and state with identical grid and use a large-scale successive quadratic programming technique. With the
help of sliding horizon and successive refinement of the discretization, we can solve on a workstation a problem
with 1600 grid intervals, an unusually large figure for this kind of real-world optimal control problem.

I. Introduction

HE technique called direct optimal control (DOC) consists of

discretizing an optimal control problem and then solving the
resulting nonlinearprogramming problem. It is often opposed to the
techniques based on Pontryagin’s principle, in which the controlis
expressed as a function of the state and costate, reducing the opti-
mality system (in the simplest case) to a two-point boundary-value
problem, which can be solved by a multiple shooting algorithm.!

The advantages of each method have been discussed thoroughly
by many authors, among them Pesch? and Betts.? It is recognized
that multiple shooting is most effective when the starting point (for
the state and costate) is good. In terms of complexity, this algorithm
is optimal in the sense that the computational effort is (in the case
of an integration scheme of order 1) proportional to the number of
points used when integrating the differential system. In addition,
the integration can be done using a device for controlling the pre-
cision. The drawbacks are that the method may have difficulties in
converging if the starting point is poor, which may occur often as
it is not easy to give good initial values for the costate. In addition,
any structural change in the constraints implies a modification of
the system of equations to be solved.

The advantage of a priori discretizing an optimal control problem
is that it is a general method, not so sensitive to an initial guess for
the costate, which allows one to use the software already available
for solving nonlinear programming problems. In the past, this kind
of technique has often been combined with a low-dimension param-
eterization of the control.* In that case, the nonlinear programming
problem has a small number of variables and a large number of
constraints: the distributed control and state constraints. Effective
algorithms exist for dealing with this kind of structure, the so-called
active set methods.” However, parameterizing the control destroys
the local structure of the optimal control problems. It is difficult to
evaluate how far the solution of the parameterized problem is from
the solution of the original problem.

Another possibilityis to discretize the control using the same grid
intervals as for the state. The aim of this paper is to explore such
a possibility. The disadvantage we have to face is the difficulty of
solving the resulting large-scale nonlinear programming problem.
In particular, it seems difficult to obtain the same computational
complexity as for multiple shooting. Rather, we may hope to obtain
a less precise estimate of the optimal control, but it will be easier to
obtain due to the generality of the method. Some results along this
line were obtained by Betts and Huffman %’

In this paper we study the application of a large-scale DOC algo-
rithm to the problem of atmosphericre-entry of the Space Shuttle. In
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Sec. II, we explain how our optimal control problem is discretized
and how the nonlinear programming problem is solved. In particu-
lar, we give a path algorithm that takes into account a poor initial
guess for the optimal control and a method of refinement of the
discretization that allows us to compute a more precise solution. In
Sec. III, we describe the re-entry problem, which is a highly non-
linear and state-constrainedproblem. Then, in Sec. IV, we give the
numerical results. These results tend to show that the resolution of
problems by a direct method and with an accurate discretizationis
possible at least in some realistic optimal control problems.

II. Discrete Optimal Control Problem
We consider the following family of optimal control problems®:

minimize V [y(T), u]

dy
T Fly@®),u, v(t), 1], t€[0,T], y(©0) =y
() = cly(®), u, v(®)] (), 1€0,T]
cr S crly(T),u] < ¢y, ) < y@) = 3(@)
u<u<i, V(1) < v(t) < B(1)
in which

c =distributed constraints

cy =final constraints

F =dynamics of the problem

T>0 =free final time

u € IR™ =set of parameters not depending on time

Vv =value function

v(t) € R"™ =control

y(t) € IR™ =value of the state at time ¢

Yo = given value of the state at time 0

‘We discretize the time interval as

O=t<ty<---<t, =T

We discretize the control variables by taking functions that are of
constant value v on each time step [t;_;, %[, 1 < k < n,. Then we
discretizethe differentialequationusingan explicitone-stepmethod
(the classical fourth-order Runge-Kutta scheme in our implemen-
tation). The discrete problem can be formulated as

min V (y"", u)

Ye=oG ! u, b, k=1,...,n, ¥ =

& <eF u ) <, cr<c;O"u)<é’

yos oyt <, u<u<i, Vi<t <@
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where of course the discrete bounds are the discretization of the
continuous bounds.

The discrete problemis a nonlinear programming problem (NLP)
of the following form:

NLP:

min f(x),

x<x <%, g<gx)=<g
xeR" ~

with f:IR" — IR and g:IR" — IR”; indeed, here x is the vector
composed by the discrete state and control variables as well as the
parameters. More precisely, x is the concatenation of the vectors
o<k <n» U, and (V¥)| <4 <,,, whereas the various g(x) include
the state equations as well as the distributed and final constraints of
the discrete problem.

Problem NLP is, if the time discretization is fine, a large-scale
problem. An old idea for solving such problems is successive linear
programming (SLP), which consists in, given a current point x*,
computing d* solution of the following:

LP;:

min f'(x*)d,

gcka-i—dkf)?
deR

g8l +g' (" <g

The new point x**! may be x* 4+ d* or a point in the segment
[x*, x* +d*] if a line search is used.

Another class of methods is sequential quadratic programming
(SQP) in which, at each iteration, a direction d* is computed as a
local solution of the following:

QPk :

min f’(xk)d-l—%d’de, x<xk4+dt <%
R 2

de

g8 +ghHd <¢g

Here H* isann x n matrix thatis an approximationofthe Hessian
with respect to x of the Lagrangian associated with NLP, i.e.,

L(x, h, ) = f(x) +A'8(x) + p'x

whose Hessian can be written as V2L (x, A, u) = H(x, A) with

P
Hx.3) = V@) + ) nV%(x)

i=1

For the study of local convergence of successive quadratic pro-
gramming, we refer to Refs. 9 and 10. An early reference for succes-
sive quadratic programming applied to optimal control is Ref. 11.

We have compared SQP and SLP without line searches. For SLP
the solution of the linear program to be solved at each iteration is
computed using a primal simplex algorithm. For SQP we use a con-
jugate reduced-gradientalgorithm. Details of the implementation of
these optimization algorithms may be found in Ref. 12. For other
implementations of large-scale nonlinear programming algorithms
we cite Refs. 13 and 14.

For future reference we note that the first-order optimality system
of NLP can be written in the following compact form:

Vi) +gx)'A+u=0
ne Bl[gyi](x), S 81[§‘§][g(x)]

where Iy denotes the indicator of set K

0 if zekK
+oo0 if not

Ix(2) = {
and 0 is the subdifferential in the sense of convex analysis. The
subdifferential of the indicatrix coincides with the set of outward
normals in the sense of convex analysis (see Ref. 15).

We consider the problem of atmospheric re-entry of the Space
Shuttle, the function to be minimized being the integral of thermal
flux, subject to some state constraints.

III. Space Shuttle Re-Entry Problem
The dynamic equations are those of flight dynamics without
thrust:
dv . P 2
— = —g,siny — g; cosycosy — —V-SC,
QO 8 Y — & 14 X m
+Q?r(cosAsiny — sinA cosy cos x) cos A

dy  grcosy  gsinycosy  V(cosy)

dr Vv Vv r

+ ZLVSCz cos i + 282 sin x cos A
m

Q%r cos L(cos A cosy — sinAsiny cos x)

Vv
dx  gsiny V(cosy sin x tan )
dr — V(cosy) r
p VSC.sinp  Q2rcosisinisiny
2m  cosy Vcosy

+2Q(sink — cos A cos x tany)

d da
S Vsiny,

\%
— = —cosy cos
dr dt r Y X

with the state variables

r  =distance from the center of Earth to the Space Shuttle
V =modulus of velocity

y  =flight-path angle

A =geocentric latitude

x =azimuth

The equations include the following fixed parameters:

g =gravitational acceleration, taken equal to 9.81 m/s?
m  =mass of the vehicle
S =reference surface

Q2 =velocity of rotation of Earth

They also include the following intermediate functions: g, (r, A)
and g, (r, A), radial and tangentcomponentsof gravitationalacceler-
ation; p = p(r), atmospheric density; Mach(V, p) =V /V (p), with
V(p) the velocity of sound; and C,(«, Mach) and C,(«, Mach),
drag and lift coefficients.

Two variables appear a priori as controls:

o =angle of attack
© =bank angle

However, their derivatives are subject to bounds, so that we in-
clude them as state variables and consider their derivatives as the
actual control:

do du
o =P @

There is an integral cost that is the total thermal flux modeled as

,
/ C,/pV3dt
0

Here C, > 0 is a given constant. To comply with the general formu-
lation, we write

dc
_t = Cq\/ﬁvrs»

3 c(0)=0
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so that the cost can be written as ¢(7"). The variables normal accel-
eration and thermal flux, respectively,

__ pSV(C,sina + C. cosa)

= CJ/pV’
2mg ¢ q\/;

are constrained as follows: n, <2.5 and ¢ <4-10° J/s. In addition
there are some bound constraintson the state: y <0,0 <« <40deg,
and 1 deg <pu <90 deg; and the control: —1 deg/s < B <1 deg/s
and —6 deg/s <n < 6deg/s.

The lower bound of 1 deg for u is artificial. Its purpose is to
avoid the null value for the bank angle. The symmetry associated
with a null bank angle might make difficult the convergence of the
algorithm.

Also we take into account a final state constraint on the velocity

V(T) = Vy

The final time T is free. Through a change of variable on time
we transform the problem into a new one with final time equal to 1,
where T is a control parameter.

IV. Numerical Experiments

We have used a Newton method (sequential quadratic program-
ming) for constrained problems.”> For implementation, we have
built a fourth-order Runge-Kutta integrator, and we compute the
exact gradients for the discretized system. We also compute the
Hessian of the Lagrangian, using a first-order discretization for-
mula, so that our numerical Hessian is not far from the exact one.
We have linked this piece of Fortran 77 code to an Institut Na-
tional de Recherche en Informatique et Automatique (INRIA) soft-
ware for solving nonlinear programming problems by a large-scale
successive linear or quadratic programming, called SOS-OPSYC;
SOS stands for sparse optimization solver. The overall software
is called DOC. It uses the sparse lower-upper factorization of
Reid.'®

An essential difficulty in this kind of study consists in finding a
reasonable starting point for the optimal control. This may require
a high level of expertise and a large amount of time, whereas the
aim of optimization techniques is precisely to speed up the design
of the trajectory. To deal with this difficulty we decided to optimize
first over a small time interval, choosing a target (the final velocity)
close to the initial value, and then to decrease the value of the final
velocity; the solution computed for a given target is used as the
initial point for the new problem with a lower target. In this case
the length T of the time interval, being a result of the optimization
process, increases automatically. Of course fixing these values of
the final velocity needs some tuning itself. A computation made
with 50 times intervals used the values listed in Table 1 for the final
velocity.

A more accurate discretizationis desirable, but it would lead to
prohibitive computing times. We prefer to perform the preceding
path-following method with a poor discretizationand then to refine
discretization. The difficulty is to be able to predict a reasonably
good value of the set of active constraints for the refined problem.
More than that—and here we have to describe a little more in detail
the algorithms—reduced gradient methods use a basis at each iter-
ation of the algorithm; this basis is a subset xp of the components
of the variable x, of cardinality | B| = p, where p is the dimension
of the image space, i.e., g(x) € IR”. Writing x = (xp, xy), where
N :={1,...,n}\B, B is chosen in such a way that dg(x)/dxp is
invertible. This allows computation of displacements d of x such
that the linearized constraints of QP, are satisfied. The difficulty
is to compute a reasonable basis for the refined problem. This pre-
vents us from choosing an arbitrary refinement. In our experiments
we always divided each step by half, so that each state or control
variable splits into two variables. Now in our application,the numer-
ical solution has the property that the only control parameter (not

Table1 Successive values of final velocity, km/s

Iteration 1 2 3 4 5 6 7 8 9 10 11
Final velocity 6.6 63 6.0 55 50 45 40 35 3.0 25 20

distributed on time), i.e., the final time 7, is basic, whereas there is
exactly one active final constraint. It follows that if each variable of
the refined problem inherits from the status of the one from which it
was created, i.e., basic, nonbasic, binding, then we have exactly the
right number of basic variables for the refined problem. Note (using
notations of Sec. II) that for the considered NLP problem n, =8,
n, =2, n.=1 with three state constraints distributed on time and
one final constraint. Consequently, there are n = 10n, 41 (that is
between 501 and 16,001) variables and p =11n,+ 1 (that is be-
tween 551 and 17,601) constraints. Performing SQP, we have found
0 or 1 degree of freedom. This means that the solution is essentially
described by constraints.

In Table 2 we give the computing time for each refinement of
the grid (computations were made on an IBM R6000/350 worksta-
tion). To have an idea of the effectiveness of refinement, we ran
the sliding horizon with 100 time steps (instead of 50 as before).
We compare in Table 3 the resulting computing times: the advan-
tage of using the refinement technique is clear because computing
with 100 time steps is more than three times longer than computing
with 50 times steps and performing the doubling method previously
described.

InFigs. 1-4 we representthe bank angle and its derivative,nonlin-
ear state constraints, velocity, flight, path angle, and altitude. These
curves are closely related to the active constraints that we describe
now.

Table2 User time for doubling

ng User time

50 — 100 418s =6 min 58 s

100 — 200 923s=15min 23 s
200 — 400 19,762s =5h29 min 22 s
400 — 800 12,078s =3h21 min 18 s
800 — 1600 21,655s=6h55s

Table 3 Effectiveness of doubling

User time

4302s=1h 11 min42s
5935 =9min 53 s
593s+418s=1011s=16min51 s

Computation

Path with n, = 100

Path with n, = 50

Path with n, = 50
plus one doubling

100 bank angle, deg

s

50 ] E
l\

' T s " 1000
time, sec
final time 815.1 sec basile

g derivative of bank angle, deg/sec

!

2 7.
0 e ] _‘J

o T T T Tse0 T " 1000

time, sec
final time 815.1 sec basile

Fig.1 Bank angle and its derivative.
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Fig.4 Altitude.
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We note that two state constraints are active: the thermal flux
during the first stage of the trajectory and then the normal acceler-
ation. The optimal control can be described in the following way.
The angle of attack remains at its upper bound. The trajectory is
divided in to three phases. In the first the bank angle is equal to
its upper bound. Then the constraint on the thermal flux becomes
active. Finally the constraint on the normal acceleration is active.
In addition there are four very short maneuvers to reach the up-
per bound of the bank angle, to switch successively to the thermal
flux and normal acceleration constraints, and then to reach the final
velocity.

The four short maneuvers are somewhat intriguing. One may
doubt whether this is a side effect of the discretization or not. Al-
though we have no definite answer to this question, let us mention
the study by Lestienne and Samuel'” where numerical optimization
was performed over the last 20 s of the trajectory, by fixing the value
of the state at final time minus 20s. These 20 s were discretized with
160 time steps. What was observed was a kind of damped oscillation
behavior of control, which appears, in fact, if one looks carefully at
the figures of this paper. No theoretical study of this problem has
been made, to our knowledge. Let us also mention the study of the
final stage of descent, between 25 and 1 km, by Poisson and Salas
y Melia.'®

V. Conclusion

We have performed a numerical computationof the solution of an
optimal control problem using the following tools: a sliding horizon
technique for guessing a reasonable starting point, an automatic re-
finement of the time grid, and a large-scale nonlinear programming
solver based on successive quadratic programming. When refining
the time discretization, it has been possible to guess a good initial
basis, due to the special properties of the problem. The optimal con-
trolis essentially described by constraintsbecauseit has at most one
degree of freedom; however, successivequadraticprogramming has
been more effective than our implementation of successive linear
quadratic with the same line search. The optimal strategy has a sim-
ple physical interpretation that confirms the intuition of aerospace
engineers; i.e., the bank angle is first set to its maximum and then
follows the constrainton the thermal flux and then the one on normal
acceleration.The rapid maneuvers betweenjunction points seemnot
to be due to the discretization.
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